FINITE FOURIER SERIES AND EQUATIONS
IN FINITE FIELDS

BY

ALBERT LEON WHITEMAN

1. Introduction. Finite Fourier series were first employed for number
theoretic purposes by Eisenstein [6] in 1844. Hurwitz [13], Rademacher [20],
and Davenport [1] are among the later investigators who have given further
applications of this method. In this paper we apply the method of multiple
finite Fourier series to the theory of equations in finite fields.

We shall be concerned with the equation

(1.1) Clx:l + sz;’ + -4 Cax‘:' + 1 =0,

where the coefficients ¢y, + « -, ¢, are given nonzero elements of a finite field
F(p") of order p*, p is an odd prime, and the a; are integers such that 0 <a;
<pn—1. We assume that s =2 for ¢,4150 and s> 2 for ¢,;; =0, and seek the
number of solutions of (1.1) in nonzero elements x;, - - -, x, of F(p").

It should be noted that in the case s=1, (1.1) reduces to the equation

(1.2) oz + 6 =0,

with ¢ica%0. Now any finite field may be represented by means of the residue
classes with respect to some prime ideal in an algebraic field. Hence the
theory of the equation (1.2) is included in the theory of the congruence

(1.3) 2" = a (mod )

where a is an integer in an algebraic field, p is a prime ideal in that field, and
a#0 (mod p). The study of the congruence (1.3) has led to the theory of the
class field and to the theory of the laws of reciprocity for nth powers [11].

In recent years the study of the equation (1.1) has played an increasingly
important role in analytic number theory; in particular, the so-called “singu-
lar series” depend upon the number of solutions of equations over finite fields
[15]. There are also applications to the Riemann hypothesis in function fields
[2] and to Fermat’s last theorem [3]. Other deep aspects of the problem have
been revealed by the investigations of Mitchell [17; 18], of Davenport and
Hasse [2], of Weil [24], and of Vandiver [23]. It does not seem too rash to
predict that future developments of the theory will be comparable in interest
to the classical laws of reciprocity.

Presented to the Society, April 28, 1951, under the title Numbers of solutions of equations
in finite fields; received by the editors March 6, 1952,
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As a preliminary to the explicit statement of the main problems of this
paper it is convenient to introduce first the machinery of multiple finite
Fourier series. Let p1, ms, + - -, us be a set of s non-negative integers and
my, ma, -+ -, m, a set of s positive integers. Let a;=e?™/mi §=1,2, ... s,
be an m;th root of unity. An arbitrary function f(ef', - - -, &}*) is periodic in
each u; with respect to the modulus m;. It may therefore be expanded into a
multiple finite Fourier series of the form

(1.4) CARTRIYY D DI (/SRR 33 §
J1id2s 0 v 0ds =1

where the j; range independently over 0, 1, - - -, m;—1. The system of
linear equations (1.4) in the unknowns g(j;, - - -, j.) has a unique solution.
Indeed the orthogonality relation

mol i b ms a = b (mod m,)),
(1.5) Z ;]a.-b’ - { ( ( ))

de=0 0 (@ # b (mod m.))
enables us to determine the finite Fourier coefficients g(&;, - - -, k) explicitly

by means of the formula

1.6)  glhy, - k) [Imi= X i, -, oI a™™,

=1 B1:B2s° ° *obs $eml
where the u; range independently over 0, 1, - - -, m;—1. The finite Parseval
relation is given by

1.0 IIm 2 gGu---,§d8Gi~+ k- -+, do+ k)
=1 i

J1edas e eda

= X [fed -, d T,
P18y * " lig t=1

where (41, * - -, j.) denotes the complex conjugate of g(41, * - * , js)- To prove

(1.7) we introduce (1.6) into the left member of (1.7) and carry out the sum-

mation with respect to the j’s. Applying the orthogonality relation (1.5) we

obtain the right member of (1.7).

Let g be a generator of the cyclic group formed by the nonzero elements
of F(p™) under multiplication. For a nonzero element a of F(p") let ind a be
defined by means of the equation gird¢=g, In the theory of cyclotomy the
generalized Jacobi-Cauchy sum of Vandiver [23, (11)] plays a fundamental
role. This sum is defined for s >1 by

—1 ; ind a;
(1.8) VCTRERIN % WEED DU il | o

G1,83,°° 1041 =1

and for s =1 by ¥(c4*) =1. In this definition the integers m; are restricted to be
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divisors of p»—1, so that we may write p—1=mm/!, 1=1,2, - - -, s. The
elements a; range independently over each element of F(p"), and the element
A is defined by means of the equation

(1.9) A=1—a—0a— " — a,1.

The convention is also made that a#iird (® =0 for any u;.

We now return to the equation (1.1). For each % in F(p") let N;(u),
1=<{<s, be the number of solutions of the equation x* =u. If the integers
m; are selected so that (p»—1, a;) =m;, then N;(u) =1 for u =0, and is other-
wise equal to m; or to 0 according as # is or is not an m;th power in F(p").
It follows that the number of solutions of (1.1) is the same as the number of
solutions of the equation

(1.10) am F camy o+ ok F Cogr = O.

In the case c¢,11#0, we divide the terms of (1.10) by ¢,41, and put
c,~|c.+1=g""'”‘+"‘, 0=<j;<m;—1. Equation (1.10) may then be put in the form
Jrtmiry + gf2+’"2‘72 4o+ gfc+m.1n +1=0,
where 0 =v;<m/! —1. The multiple cyclotomic number (ji, j3, * *  , Js) is de-
fined as the number of solutions in 41, vz, - - -, . of the equation (1.11) for
a fixed set of numbers fi, j2, - - -, js with the j;in the range 0,1, - - -, m;—1
and the v; in the range 0, 1, - - -, m/ —1. Hence the number of distinct
sets of nonzero solutions of (1.1) is given by mums « - - m,(j1, jo, = * + Jo)-
In terms of the number (ji, je, - - *, j.), the Y-function defined in (1.8)
has the alternate representation [23, (15)] ‘

(1.11)

(112) lp(a':l, e, a‘:‘) = e(a';,‘ cee, a‘:') Z . (].!’ jz, .. ,j.)H al:{.‘h"

J1idas s cads =1
where
(1.13) €= e(a‘;l, cee, a‘;') = a‘;l dED a‘.“ nd (_l).
Since

gmimi'l2 =g(1"'—1)/2 =—1

in F(p"), we see that owéind =D =ghimimi’/2= + 1 the sign depending on the
value of u;. Hence e= +1. We put

(1'14) \0(0“;1’ Tty a:.) = e(a‘;', tt a:‘)\I,(a';l) MY a':‘)y
and note that the sum in the right member of (1.12) may be regarded as the
multiple finite Fourier series expansion of ¥(of!, - - -, o*). The Parseval

relation (1.7) now yields
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Im 2 Gue gl by et k)

=1 J1ed2e v ads

(1.15)
= X wE el T e
B1:H2y * * *okbs =1
We denote by V(ky, ks, - - -, k) the left member of (1.15). The first part

of the present paper is concerned with the evaluation of the right member of
(1.15) (see Theorem 1). This has been carried out by Vandiver [22] in the
particular case s=2. Analogous sums have been studied by Dickson [4],
Hurwitz [14], and Mordell [19]. The results have been employed to obtain
inferior and superior limits for the number of solutions of the equation (1.1)
(cf. [12]).

It will be seen in several instances that our methods differ from those em-
ployed by Vandiver [22]. A major difficulty is the evaluation of the compli-
cated exponential sum p(oft, - - -, of*) defined in (3.4) (see Theorem 2).

The remainder of the paper is taken up with the finite Fourier series ex-
pansion of the ¥-function in the special case in which ay= : - =0, (see
Theorem 3). The arithmetic sums studied by Dickson [3, (12)] and Hurwitz
[14, (30)] thus appear in a natural manner as the finite Fourier coefficients
in this expansion. In §7 we evaluate the Dickson-Hurwitz sum in the case
1= - -+ =u,1=0. Finally we evaluate some quadratic relations of the
Parseval type. It has been shown in another paper [25, (5.8)] that the Dick-
son-Hurwitz sums reduce to the so-called Jacobsthal sums in the particular
case n=1,u=1, s=2. Thus Theorem 4 of the present paper may be regarded
as a far-reaching generalization of the corresponding theorem [25, Theorem 1]
in the theory of Jacobsthal sums.

The results of this paper may be compared with the results obtained by
Faircloth [7] and by Faircloth and Vandiver [10]. These authors discuss the
number of distinct sets of solutions of (1.1) in elements %1, - - -, x, of F(p™).
Their methods and results for the case involving solutions in arbitrary ele-
ments are quite different from those involving solutions in nonzero elements.
The formulas are in terms of a ¢-number [10, (8) ] which is equivalent to (1.8).

It may be remarked that the formulas of Faircloth and Vandiver can
be used to extend the main results of this paper to the cases in which (a)
¢s+1=0 and the x’s are arbitrary elements; (b) ¢,4+1=0 and the x’s are nonzero
elements; (c) ¢,;17%0 and the «’s are arbitrary elements. It turns out that the
problems involving solutions in nonzero elements are considerably more diffi-
cult than the problems involving solutions in arbitrary elements. However,
we shall not go into these questions in the present paper.

2. The y-functions. Closely related to the generalized Jacobi-Cauchy sum
(1.8) is the generalized Lagrange resolvent (cf. [23, p. 147]) defined by
(2 . 1) 1-(a#) = Z ot ind ag-tr (a)’

aEF (™)
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where { =¢27/? and the numbers a and u are defined as in (1.8). The symbol
tr (@) denotes the trace of a and is defined as follows. If #>1, let the F(p*)
be defined by f(@) =07+cf '+ - - - +¢,=0, where f(x) is an irreducible
polynomial with coefficients in F(p). Then let a =d\0"~'4df*2+ - - - +da,
d;E F(p), and define

tr (@) = X (d0 D6 4 dofn=DG ... 4,
t==1

where 60 =@, ®, . . . ™ are the n conjugate roots of f(x) =0 in F(p").
From the definition it follows immediately that
. tr (a+b)=tr (a)+tr (b).
The following relation is also known [12, Lemma 1]:
» b =0),
» 5 g f 6=0
aeF(p") 0 (b #= 0):

where b is an element of F(p). The most important property of the function
7(a*) is given by
2.3) ‘r(a#)r(a*) = o ind CDpn,
provided that a*>1. A broad extension of (2.3) has recently been obtained
by Faircloth and Vandiver [9, (9)].

Returning to the Y-function defined in (1.8), we now state two lemmas

due to Faircloth and Vandiver [9] which will be useful in establishing our
main results.

Lemma 1. If []i; ot =1 and p:#£0 (mod m;) for at least one value of 1, then

IT (e
fo=]
Ylat, -, @) = — -
_pn
LemMa 2. If JIi1 51, then
IT #(e)
¥=1

Yl -, ) = —
(1)
T a;
=1
An important consequence of these two lemmas is the following result.

LeMMA 3. For an integer r, 0 <r <s, define the function ¥.(of?, - - -, o4*)
as a Y-number for which p;5#0 (mod m;) for r values of 1 and p;=0 (mod m,)
for the remaining s —r values of 1. Then
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(2.4a) [ = """ (2 <srss]lof = 1),

=1

(2.4b) [g, "= """ <1 <sr=s]l& = 1)).
i=1

Note that r cannot equal 1 under the condition imposed in (2.4a). To
prove Lemma 3 we first note that ¢.(cf, : - -, o) =yr(cdl, « - -, og™)
is the complex conjugate of ¥.(of!, - - -, &*) and that 7(1) = —1. We then
derive formulas (2.4a) and (2.4b) by applying Lemmas 1 and 2 in conjunc-
tion with (2.1) and (2.3).

We shall also make use of the function ¥,(¢f?, - - -, &*) whose definition
is similar to the definition of the function ¥,(cf1, - - -, &&*) of Lemma 3.
From (1.13) and (1.14) it follows that I\If,.| 2= |1[/,| 2,

The case r =0 is not covered in formulas (2.4a) and (2.4b). In this case,
however, we may establish directly the following lemma.

LEMMA 4. If r=0, then

1 8 1 n 8 8
2.5) AR = (@ =D+ D .
We have by (1.8)
(2.6) vo=y(1,1,.--,1) = D {ind4jinda ... jinda

where 4 is defined by (1.9). Picking out those terms in (2.6) which contain no
factor of the form 1ind(® we see that Yo=(p*—1)*"1— N,;, where N,_, de-
notes the number of solutions of the equation

2.7 aa+ta+---+a_1=1 (6:#0,i=1,2,--.,5—1).
Using (2.2) together with (2.7) we get
Ng_l = '1— Z Z g‘“(a(“r"arf"“-!—a.—y,—-l))
P" a1,a3,** *,84—1}a;70 a
= i 3 gt e > ctr @) L L. ptr (@)
P" a 61,83, ¢ *,Gg—1; 090
1
= _((pn —_ 1).—1 + (_1).—1 Z o (—a))
p” a0

1
-_— n_lc—l ._10.
5 (@ = D+ (=19

The result stated in (2.5) now follows immediately. A proof of Lemma 4
along completely different lines is given in the thesis of Faircloth [7].
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An interesting application of Lemma 4 is obtained by putting uy= - - -
=p,=0in (1.12) and (1.13). We get thus

1
(2.9 X Gudneeead) =S (n = D (D,

Jredzec e is

For a generalization of (2.8) see Faircloth [8, Theorem 3].
In the sequel we shall also employ the following special result

(2°9) \0(1, Tty 1) a") = ("‘1)‘_1 (a” # 1)-

This formula follows at once from Lemma 2 and the fact that 7(1) = —1. It
may also be proved directly without much difficulty.

3. The functions 8, \, p, and ¢. To evaluate the right member of (1.15) we
find it convenient to introduce certain auxiliary sums. For a fixed value of 7 let

(3'1) E=E, = E(kip kip R ki,) (O =r=s S)

denote one of the (?) sets of &’s which may be selected from a set of s non-
negative integers k1, ks, - -+, k.. There are 2¢ sets (including the vacuous set)
defined by (3.1). We first introduce the function §(c/*) defined by

{mi -1 (k; = 0 (mod m)),
—1 (k. # 0 (mod m.))

In terms of the §-function we define for 1 <7 <s the function

(3.2) §(as’) = mz_la:“"“ =

pe=1

(3.3) M(ED = Mlent, -+ ar) = 2 6@l - - - 8ar™),
E,

where the sum extends over the (f) sets E,. In other words, A, is the rth ele-
mentary symmetric function of the numbers 8(cf), - - -, 8(f*). In particu-
lar, M(E,) =8(cf)+ - - - +8(af) and N(E,) =8(a?) - - - 8(af).

We next introduce the function

k kg —mk —haksy
(3'4) P(Ea) = p(all) Tty O ) = al”l . al” y
where the sum extends over all the sets u1, ys, * + + , ne for which H:_l ofi=1
and 1=u;<m;—1,4=1,2, . . ., s. The function p(E,), 1 £r=<s, is similarly

defined. Finally we define for 1 =7 <s the function
L
(3.5) ¢r(Ea) = ¢r(af11 T, O ) = Z p(E")!
E,

where the sum extends over the () sets E,. Note in particular that each term
of ¢1(E,) =p(ed)+ - - - +p(cf) is a vacuous sum.

Using the notation introduced in (3.3) and (3.5) we may write the right
member of (1.15) in the form
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I HBay |2 - I3 Bay |2
|‘I'0(a11' M yaa)l + Z,\I’r(ally o rac‘)l ()‘r - d’r)
r=1

+ v, d) s
r=2
Therefore by (2.4a), (2.4b), and (2.5) we get

THEOREM 1. The sum V(ky, - - -, k,) defined in (1.15) is expressed by the
formula

1
V(ky, ko, - -+, k) = — ((pm — 1)* + (—1)s+1)?2
(3.6) ? ‘ ’
+ Z P"('_l))\r(Ea) —_ E (P"(r_l) — ?"(r-g))d),(E,),
r=1

r=2
where \,(E,) and ¢.(E,) are defined in (3.3) and (3.5) respectively.

There remains the problem of evaluating ¢.(E,). This is accomplished
in the next section.

4. Evaluation of the p-function. Returning to the definition of the p-func-
tion in (3.4) we proceed to analyze the somewhat involved summation condi-
tion. Let m be the least common multiple of my, ms, - - -, m,. Put m=my;,
i=1,2, - - -, 5. Then we see that J]}.,c4*=1if and only if

4.1 b+ pats + - -+ 4 pots = 0 (mod m).

In the case where my, ms, - - -, m, are prime each to each it follows that
I1I:-, &4*=1if and only if u;=0 (mod m,), i=1, 2, - - -, 5. Therefore in this
case the sum in (3.4) is vacuous. Consequently we have proved

4.2) o(E) =0 (m; prime each to each).

Making use of (4.1) in conjunction with (3.2) we observe that (3.4) may
be written in the form

pE) =~ X att g T gt
M uype,--e Baipi70 h=0
(4.3) 1 ™1 g h—k,
=—2 8 )b ).
h=0

To evaluate the right member (4.3) we denote by 0(E,) the number of
values of & in the range 0 <k <m —1 for which k=k; (mod m;) if k;EE, and
h#k; (mod m;) if k;EE,. In terms of the function 6(E,), (4.3) becomes

(4.4) mp(E,) = i 22 0B (miy — D)(miy — 1) - - - (mi, — 1)(=1)*,

r=0 E,
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in view of (3.1) and (3.2).

Let m(E,) = [m;,, mi, - - -, m;,] be the least common multiple of a set
of r m's. In particular, m =m(E,) = [my, ms, - - -, m,]. For the vacuous set
E, put m(E,) =1. Related to the function 8(E,) is the function ¢(E,) which is
defined as the number of values of % in the range 0 <A <m —1 such that
h=Fk; (mod m;) for each k; belonging to E,. In particular, ¢{(E,) =6(E,). For
the vacuous set E, put {(E,) =m. For the set E(k;) consisting of a single & it
is clear that

tE(k,) =m/m,~.
To evaluate ¢t(E,) in general we consider the system of linear congruences
(4.5) k= ki (mod m,), b = ki, (mod msy), - - -, b = ki (mod m;,),

where the numbers k., ki,, - - -, ki, belong to E, and % is restricted to the
range 0 to m—1. Let d;;=(m,, m;) denote the greatest common divisor of
m; and m;. Then the Chinese remainder theorem (cf. [21, §5, chap. 7]) states
that the system of simultaneous congruences (4.5) is soluble if and only if
ki;—k;=0 (mod d;;) for every pair k;, k; in E,. Any solution % of this system
satisfies the congruence k=h, (mod m(E,)), where kg is uniquely determined
(mod m(E,)). Thus for 2<r=<s we get the formula

_ m/m(E) (ks — ks =0 (mod di)); ki, s € Ey),
(4.6) UE,) = {0 (otherwise).

In order to express the function 6(E,) in terms of the function ¢{(E,) we
employ a standard combinatorial argument. Let E,;,, 1=¢=<s—r, be one
of the (;7") sets which may be obtained by adjoining ¢ additional &’s to E,.
In accordance with this definition E, is a subset of E,;,. The problem of
evaluating 0(E,) is that of excluding from the &'s counted in ¢(E,) those k’s
for which h=k; (mod m,) if k;&EE,. According to a general combinatorial
principle (cf. [21, theorem on p. 105]) the number of 4’s counted in 8(E,) is
given by the formula

8(E,) = (Er) — 2 UEm1) + 2 t(Erys) — + - - -

E, 41 Eyte

(4.72) + (-1 T uE)

where the sum involving the sets E,,, contains (;~") terms. In particular,

(4.7b) O(Eo) = m — EZ t(Ey) + EZ: t(Es) — EZ WEs) + - - - + (—1)*(E,).

To complete the evaluation of p(E,) we substitute the right member of
(4.7a) into (4.4). Our task is to pick out the coefficient of (—1)*—¢(E,). It is
not difficult to find that this coefficient is
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1+ [(ms — 1) + (myy — 1) + - - - + (mi, — )]
+ [ms — D(miy = 1) + (ms — Dlmi — 1) + - -+ |
o [ — Dy — 1) - -+ (mi, — 1)]
= MMy © * * M.

T

Hence (4.4) is transformed into

4.9) mp(E) = 3 T (= ) HEmimy - - - me,
r=0 E, N
The final formula is expressed in terms of a function d(E,) which is defined
by means of the equation

(4'9) d(Er) = t(Er)mt'lmis e Mmg /M.

Applying (4.6) to (4.9) we see that d(E,) may be defined alternatively as
follows. For the vacuous set E, put d(E,) =1. For the set E(m;) consisting
of a single member put dE(m;)=1. For 2=r=<s put d(E,)=mymq, + + *
mi,/m(E,), provided that k;—k;=0 (mod d;;) for every pair k;, k; belonging
to E,. Otherwise put d(E,) =0. In terms of the function d(E,), (4.8) may be
expressed in a simple form. The result is stated in the following theorem:

THEOREM 2. The formula

(4.10) W(E) = X T (~1)rd(E,)

r=0 E,
provides a solution of the problem of evaluating the sum p(E,) defined in (3.4).

Note that when the numbers m;, ms, - - - , m, are prime each to each the
value of each d(E,) is 1. In this case (4.10) becomes

o(Es) = io<—1>~(:) — (=)t — 1)r =0,

in accordance with (4.2). We mention also that if k;—%;#0 (mod dy;) for
every pair k;, k; belonging to E,, then d(E,) =0 for 2=<r=<s. We get in this
case p(E;) =(—1)"1 (s—1).

An interesting by-product of (3.4) and (4.10) is the following corollary of
Theorem 2.

COROLLARY. The number of sets of integers py, pa, * * * , Moy 1 SpiSm;—1,
for which of* - - - o*=1 1s given by

(4'11) p(li 1’ Ct 0y 1) = Z Z (—l)krmﬂmig AR mir/[mt'p Migy * * * mi,]v

r=0 E,

The number p(1, 1, - - -, 1) is used by Faircloth [8, (9)] in his work on
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the number of distinct sets of solutions of equations of the type (1.1).
Formula (4.11) is of importance in this connection.

As additional applications of formula (4.10) we deduce two special cases
of interest. First in the case s =2 we note that mym,/ [m,, m;] =d;; and thus
obtain the formula

dlz -1 (kl = kz (mod du)),
-1 (kl # kz (mod dm)).

The case s=3 is more involved. We distinguish four essentially different
cases. First case: ky — ky=0 (mod d1s), k1 — k3=0 (mod d3), ke — k=0 (mod dzs).
Second case: k;—k:=0 (mod dy2), k1—k;=0 (mod di3), ka— k370 (mod ds3).
Third case: kl —szO (mod du), kl—k3¢0 (mod dls), kz-ka;‘éo (mod dza).

FOlll'th case: k]ﬁ"kz#O (mod dlz), k1—k3#0 (mod dls), kz-ka#O (mod dga).
Formula (4.10) now reduces to

(4.12) oo, oty = {

mlmzms/m + 2 — dlz b d13 - dgs (Fil‘St case),
ki ke kg 2 — diz — dus (Second case),

4.13 Lok, ad) =
( ) plon, ez, ox) 2 — dys (Third case),
2 (Fourth case).

Other results of this nature may be deduced in a similar fashion.

5. Quadratic relations. Formulas (3.3), (3.5), (3.6) and (4.10) provide a
solution of the problem of evaluating V(ky, ks, - -+ -, ks).

The case s =2 reduces to

Vb, k) = (" — 2)" + 8(en’) + 8(as’) + 4 8(ar) 8(ez)
— (0" = Dp(ar’, az’), '

where the values of the §- and p-functions are given by (3.2) and (4.12).
Formula (5.1) leads immediately to the results of Vandiver [22, Theorem 1]
mentioned in the introduction.

The case s=3 reduces to

(5.1)

V(ks, by, k) = (0" = D" — 2) + 1) + 8(ar’) + 8(s”) + 8(as)
+ 2" (3(ar)d(as’) + 8(ar)o(as’) + d(as)d(as))
(5.2) + p75()8(as)(es”)
— (0" = D@, as) + plar’, a5’) + plas’, as))
ks kg

— (0" = Polar’, as', as),

where the values of the 8- and p-functions are given in (3.2), (4.12), and
(4.13).
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We confine ourselves to two special cases of (5.2). First, in the case
ki=ky=Fk3=0, we get after simplification

V(0,0,0) = (p» — 1)* — 2(p" — 1)*
+ (p" — D%my — 1)(me — 1)(ms — 1) — muymoms/m
+ die+ dis+ das + 1)
+ (™ — D) (2mimams — mime — mums — mamy — mymoms/m)
+ mimoms.

Second, we get in the case by —k;#0 (mod dy), k1 —k3#0 (mod dis), ko—
#0 (mod dzs),

V(ky, b2y ks) = (p™ — 1)* — 2(p" — 1),
provided that k,#0 (mod m,), k2#0 (mod my), k3#0 (mod m3).
For arbitrary s the right member of (3.6) is a complicated expression.

However, a considerable simplification results when the numbers m,, m,, - - -,
m, are prlme each to each. In this case we have, in view of (3.5) and (4. 2),

o (o, - - -, o) =0, 1=r<s. Hence (3.6) becomes

(5.3) V(ky bay oo k) = — ((p" — D)4 (=D 4 3 preIN(E)
. r=1

provided m,, m,, - - -, m, are prime each to each.

There are two important particular cases of (5.3). In the first place,
suppose that k;=0 (mod m,), i=1, 2, ---,s. Then &(cf)=m;—1 and
A(E,) is the rth elementary symmetric function of the numbers m;—1,
me—1, - - -, my—1. After transforming the right member of (5.3) we get the

following corollary of Theorem 1.

COROLLARY 1. If my, ms, - - -, m, are prime each to each then

1 .
V(O’ 0,---,0) = ’;2: ((P" - 1)+ (_1)‘+1)2

(= 1+ A+ o= o).

1=1

In the second place, suppose that k;#0 (mod m;), t=1, 2, - - -, 5. Then
we have §(cf%) = —1 so that \,(E,) = (—1)7(}). The sum in the right member of
(5.3) now becomes

$ (D)

Thus we have proved

_ = )‘

(" = 1+ (=1)*).

COROLLARY 2. If my, my, « -+, m, are prime each to each and k;#0 (mod
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mg),1=1,2, - - -, s, then
1
ik b k) = o (7 = Dt (0

(=1

n

+

(™ — 1)+ (= 1)*H).

We conclude this section by remarking that it is not difficult to state
theorems which express the left member of

2V(0,0,---,0) — 2V(ky, ks, - - -, ks)

=Hmi Z ((jly"')ja)—(jl+k1v'°"jl+kc))2
=1 J1edzec0ds
as the sum of squares (cf. [22, (17)]).

6. Dickson-Hurwitz sums. Let m be a divisor of p»—1 so that we may
write p»—1=mm’. In this and later sections the symbol (jy, 2, * - -, 7i) de-
notes the number of distinct sets y1, ¥z, * - *, s, 0=Zvs=m’ —1, which satisfy
the equation gitmn+4- ... 4gitmnt1=0, for a fixed set of numbers
1, Jo 0+ 4 Je 0SjiSm—1. We shall expand the ¥-function into a finite
Fourier series in the particular case in whichay=as= -+ + - =a,=a=e?"Im As
before we let uy, pe, - - -, ne denote a set of s non-negative integers, but we
now assume also that u,=1. We first prove

THEOREM 3. If u denotes a non-negative integer, then the finite Fourier series
expansion of ¥(a#k, - - -, a#i1, o) 1s given by

m—1
6.1) Yo, « o+, abte, ab) = O D(6; pay »* + y Peo1)@,
=0
where the finite Fourier coefficient D(z; w1, + - -, pen1) s the Dickson-Hurwitz
sum defined by
D(i; M1y *° p’t—l)
(6'2) = E (jl) tt jc—ly i — I‘ljl — s = Na—-lja—l)’
jlti" e rjt—l

the numbers j; ranging independently from 0 to m —1.

In the special case n=1, s =2, Theorem 3 reduces to a result due to Dick-
son [5, (16)]. To prove (6.1) we use the fact that to every nonzero element a
in F(p") there is an element k such that g*=a. Thus we get from (1.8),
(1.13), and (1.14)

-1

\Il(a““l, R au) - Z ot ind H H amt.'h."
hyhgy s < hg—1 =1
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where the number H is defined by H=—1—gh—ght— ... —gh-1 Put
hi=myi+ji, 05ji<m—1,0=v;<m’—1. Then the number of solutions of the
congruence

ind (—1—ght—ght— ... —ghet)y 4 by + -+ -+ poshey = i (mod m)

is the same as the number of solutions of the equation

— 1 — gmutin — ..o — gmyertiel = gmretlmmir . —petie),

The definition of the multiple cyclotomic symbol implies that the number of
such solutions is precisely the Dickson-Hurwitz sum defined in (6.2). This
completes the proof of Theorem 3.

Putting x=0 in (6.1) and applying Lemma 3, we obtain the result

m—1

) 1
(6.3) Zo D(is pa, + oy pam1) = po (2~ — 1+ (=),

This formula was derived by Hurwitz [14, (38)] in the case n=1, s=2. It is
interesting to compare (2.8) with (6.3).
By (1.6) the finite Fourier coefficient in (6.1) is given by

1 m—1
(6.4) D(i; PRI ”'_l) = — Z \I/(amu’ R an)a-m'.

M pes0

By (1.7) the finite Parseval relation is given by

m—1
ZD(i; B sty pem)D(E A By p, v, pe)
6.5) -
- E I W(arh, - - -, kel a¥) |2a—uk.
m =0
7. The case y;= - - - =pu,1=0. In the special case of this section the
Dickson-Hurwitz sum (6.2) becomes

(7.1) D(i) = D(i;0,-++,0) = 25 (ju -+, fer, 9.
1072 v Je—1

We shall evaluate the sum in (7.1) explicitly. Putting p1= -+ + - =p,1=0 in
(6.4) we obtain

m—1
(7’2) le(i) = \I’(l» 1., 1) + Z \I’(I) SIS B a“)a—'“"
pu=1

From (1.13), (1.14), and (2.9) we get ¥(1, - - -, 1, a#) =(—1)>"la# ind (=D for
a*#1. Since ind (—1) =(p"—1)/2=mm’/2 we infer easily that ind (—1)=0
or m/2 (mod m) according as m’ is even or odd. We distinguish two cases as
follows. First case: 1=0, m’ even;1=m/2, m’ odd. Second case: %0, m’ even,
i#m/2, m’ odd. For 0 =¢=<m—1, we deduce
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(7.3) "il ot ind D gué = {m -1 (First case),
#=1 -1 (Second case).

By Lemma 3 and (7.2), (7.3), we get after some simplification

71,: (P =D 4 (D) + (—1)* (First case),
D,(3) =

’

% ((pm — 1)1 4 (—1)) (Second case).

The special case s=2 leads to the following well known formula due to
Mitchell [17, (2)]

S G0 =

=0

{m’ -1 (First case),
7

m (Second case).

8. The Parseval relation. The result (6.5) suggests the consideration of a
sum L(k; p1, - -+, pe1) defined by

m—1

(8.1)  L(kjpay - -+, par) = Z D(is p1y = v vy pe)D(E + By, - - ¢y pem).
=0

In the case n=1, s=2 a sum equivalent to (8.1) had already been studied

by Lebesgue [16, p. 296] in 1854. The object of the present section is to

evaluate the right member of (8.1). By (6.5) we have

1 m—1
(8.2) L(k; Biy * oty Memy) = — E | Wk, -+« , aibel, ok) l2a—nk.
m peo

In order to compute the right member of (8.2) we require some additional
notation. We put y=u;+ - - - +u,_1+1 and define integers ¢; and m; as
follows:

(Iv"l) m) = tl) tt (ua—l, m) = t.—l; (V’ m) =1il= t”

8.3
( ) m=m1tl=...=m‘ta.

We emphasize that the m’s thus defined are divisors of p"—1, but are not

arbitrary divisors as in §1-5. Here the m’s depend on the choice of the u’s.

It is still true, however, that m = [ml, <., m,]. For m is a common multiple

of the numbers m,, - - -, m, and is therefore a multiple of their least common

multiple. If this least common multiple were not m itself, then the numbers

M1, * * *, Me—1, ¥ Would have a common prime factor. This is impossible.
We shall make use of the following lemma.

LEMMA 5. Let u be a number in the range 0 Su=m—1. If for 0Sr<s—1,r
of the numbers puy, + + -, pis—1, uv are divisible by m, and the remaining s—r
are not divisible by m, then
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¢4 [Waom, - v, @) [t = o,

The case r =s is excluded from Lemma 5. We note, however, that all s of
the numbers up1, * - -, pps—1, v are divisible by m if and only if u=0. This
case is covered by Lemma 4. Lemma 5 is a consequence of Lemma 3. If
a* =1, then exactly s—7r+41 of the exponents in the left member of (8.4) are
not divisible by m. This is the case covered by (2.4a). We get thus I\I’I 2
=prl—r—D_If a* 1, then exactly s —r of the exponents in the left member of
(8.4) are not divisible by m. By (2.4b) we get again I\I/] 2= pnle—r—D_[n either
event we deduce Lemma 5.

We next establish the following modified version of Lemma 5:

LEMMA 6. Let the integers my, - - -, m, be defined as in (8.3). For 0<r<s—1
let E,=E(mi, M, - - -, m;) be a set of r m’s. If u is a number in the range
0=u=m—1 for which p=0 (mod m,) if m;EE, and u#0 (mod m;) if m;&EE,,
then formula (8.4) holds.

Lemma 6 follows at once from the fact that up;=0 (mod m) if and only if
#=0 (mod m;). To prove this put w;=u!t; Then (u;, m)=¢; if and only if
(ui, m;)=1, and pu;=0 (mod m) if and only if uu! =0 (mod m,). The proof
is thus complete.

We now define for 07 =<s

(8.5) 0(E,) = D a+*,

where the sum extends over the values of u in the range 0Su<m—1 for
which u=0 (mod m,) if m;EE,, and u#£0 (mod m,) if m;&E,. To illustrate
this definition we examine the particular case in which the u’s and » are rela-
tively prime to m. If E, is the vacuous set, then §(Ey) =m —1 or —1 according
as k is or is not divisible by m; if 1<r=<s—1, then the sum is empty and
0(E,)=0; in the remaining case 0(E,) =1. The number of values of u over
which the sum in (8.5) extends is, by the combinatorial principle employed
in §4, given by

. — PR _1 —r y
mE) EmEn T EwEn TV L

m m

(8.6)

where m(E,) denotes, as in §4, the least common multiple of the m’s in E,.
It should be noted that the set E, in (8.6) is a subset of each of the sets
E,,, (cf. discussion after (4.6)). We are now in the position to apply Lemmas
4 and 6 to the right member of (8.2). We get thus

mL(k; p1, - -+, pamr) = (1/p2%) ((p" — 1)* + (—1)s+1)2
+ 33 pre-mvg(E,).

r=0 E,

(8.7)
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The function 8(E,) is, in many respects, analogous to the corresponding
function which appears in formula (4.7a). In order to evaluate 8(E,) we in-
troduce the auxiliary sum

(8.8) WE,) = 2 ah,

p=0(mod m(E,))
where the sum extends over the m/m(E,) values of u in the range 0 Su<m—1
which are divisible by m(E,). By (8.6) we get for 0=<7=<s.

(8.9) 6(E.) = HE) — 20 UEm1) + 220 UErpa) — + - - - + (=1)""UE)).

E, 41 Ey s

Note in particular that (8.9) implies that 8(E,) =¢(E,) =1. We proceed to
evaluate {(E,). The values of pu in the range 0<u=<m—1 for which p
=0 (mod m(E,)) may be put in the form

w=m(E,), 0SN=m/m(E,)—1.
Thus (8.8) becomes
—2wiNk
8.10) t(Er) = €x <——)7
( 2 e

where A runs over the integers in the range 0 SN <m/m(E,) —1. The sum in
(8.10) equals zero unless \ is divisible by m/m(E,). Hence we have the result

(8.11) KE,) = {m/m(Er) (k = 0 (mod m/m(E,)),
' " ( % 0 (mod m/m(E,).

We remark that {(E,) =m if k=0 (mod m) and equals 0 if k#0 (mod m). It
is instructive to observe the analogy between (8.11) and (4.6).

There remains the problem of substituting the value of #(E,) in (8.9)
into (8.7), and of picking out the coefficient of (—1)"#(E,). For 0 <r <s—1 this
coefficient is

(8.12) i (- 1)’=( i’ ) prle—k—D = pate—rD(pn — 1)r,
k=0 k

The coefficient of
( - 1)-’;(E‘)
is

—1 s 1
(8.13) E“""(k>1" = (= D (-

Introducing (8.12) and (8.13) into (8.7) we obtain the main result of this
section:
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THEOREM 4. If L(k; p1, * + + , Ms—1) S the sum defined in (8.1), then

ML(k; K1y * Ih—l)

1 (_l)a
= n— 1)e —1)&+1)2 n_ 1) — 1)+t
(8.14) o (@7 = D' (CDm 2 (O = D (2D
s—1
+ Zo EE (=DUE)p~—1(p" — 1)1,

where t(E,) is defined by (8.11).

9. Special cases. When s=2 the result given in Theorem 4 simplifies
considerably. We put p*"—1=mm’, yy=u, v=p+1, (u, m)=t, (v, m)=t,,
m =myt, =mats. Then (8.14) becomes

mL(k; ) = (p» — 2)* + (p™ — 2) + p"H(E0)

— tE(m1)(p™ — 1) — tE(ms)(p™ — 1).
Applying (8.11) with 2=0 to (9.1) we get after a little manipulation
9.2) LO; p) = m'(p™ — 2) + p~ — m' (L + 1).

The case £##0 (mod m) is more involved. The final formula may be ex-
pressed in the following form

9.1

m'(p™ — 2) (] B, 12} B),

L jmr—2) —m' (1] By t2f ),

(9.3) L(k, #) - m,(p,, _ 2) _ m/t2 (tl*k, tzl k),
m’(p" —_ 2) - m’(tl + tz) (tll k, tzl k).

In the case #;=#=1 the results in (9.2) and (9.3) reduce to certain formulas
given by Hurwitz [14, (35), (36)] (n=1), and Vandiver [22, (20), (21)].

When s=3 and k=0, we put (m, m) =11, (us, m)=ty, (m1+p2+1, m)=t;,
m=myg;, m/[mi, m;]=t;;, and obtain

L(0; p1, po) = m'(p™ — 2)((p" — D(p* — 2) + 1) + p**
— (b + b + ts) + m (P — 1)(ha + tis + Les).

For s arbitrary the formulas which correspond to (9.2), (9.3), and (9.4)
do not have a simple appearance. We confine our discussion to a formula
which corresponds to the first case of (9.3). Suppose that k#0 (mod m/m(E,))
for each of the 2°—1 sets E,, 0<7r<s—1. Then (8.11) implies that ¢(E,) =0,
0=<r=<s-—1, and (8.14) reduces in this case to

(9.4)

9-5) L(ksm, -+ pem1) = % (" = D+ (=D~ — D* + (=),
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To illustrate formula (9.5) we remark that it may be applied to the example
s=3, p=211, n=1, m=210, k=1, uy =14, p,=21.

In general it does not seem possible to simplify the result in Theorem 4.
However, in the particular case in which the u’s are relatively prime to m,
simpler formulas can be obtained. We put, in this case, ti= : + - =t,1=1,
W, m) =t=t,, m=my= - - - =m,_1=m,l,. Returning to the formula ¢{(E,) in
(8.11), we note that {(E,) =1 for any set E, other than the vacuous E, or the
set E(m,) whose single member is m,. The value of t(E,) is m if ml kandis 0
if m{k. The value of tE(m,) is t if t| k and is 0 if £{E.

Consider next the right member of (8.14) when 2#0 (mod m) and t=1.
We have in this case

—1
2= 2 (—D)YE)peD(pm — 1)*

r=0 E,
(9.6) — ‘i (_1)r< s)ﬁn(a—f—l)(pn — l)r
(o

= —pren 4 (87 = D* + (=),
In general it is not difficult to modify the result in (9.6) appropriately to
derive the following corollary of Theorem 4.

COROLLARY 1. If w1, + + +, Ms—1 @re non-negative integers relatively prime to
m and if (m+ - +tpat+1, m)=t, then the value of the function
mL(k; p1, - - -, pe—1) defined in (8.1) is given as follows:

1
—m (07 = D (S0 (n = 0+ (= et (m] B),
— 1)t 4 (1)) — gpnleD o (f — 1) pnie=D (t|k, m)E),
p% ((p = D)* + (= 1)+1)? = pree=d (thB).

We remark that an alternative proof of Corollary 1 may be deduced
directly from (8.5) and (8.7). Another special case of mterest is contained in
the following corollary.

COROLLARY 2. Under the hypotheses of Corollary 1, the value of the sum
m—1
2 (DGipy s 1) — DG+ sy, oy pec1))? (k % 0 (mod m))
=0

s given by
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(9.7a) 2pntD) (£ = 0 (mod 7)),
(9.7b) v 2(pn — mlipn ) (k # 0 (mod ),
where m’ is defined by the equation p»—1=mm’.

In the case s=2, n=1, t=1 the result in (9.7a) reduces to a formula due
to Lebesgue [16, p. 298], rediscovered by Hurwitz [14, (37)], and later
generalized by Vandiver [22, (22)] to F(p*). It should be noted that (9.7a)
is a formula which gives representations of 2p*¢—D as the sum of m squares.
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